Cylindrically symmetric solutions corresponding to exterior regions of cylindrical sources having radially outgoing pure radiation and ingoing and outgoing gravitational radiation are presented. When pure radiation is switched off, the solutions correspond to vacuum Levi-Civita or to nonstatic vacuum of generalized Kasner solutions.
Introduction
One of the most difficult and important problems in physics is the gravitational collapse of a realistic matter distribution since spacetime singularities may be formed during collapse of matter and extremely high spacetime curvature and energy density may be realized around the singularities starting from regular initial conditions. In the case of collapsing of a spherically symmetric body we are not faced with naked singularities since the singularity, formed when a body collapses, is hidden inside a horizon. Also when a spherically symmetric body collapses, it does not produce gravitational radiation. This may be a property of spherical symmetry since, according to Birkhoff theorem, outside of any spherically symmetric system is necessarily static.
However, a spherically symmetric body can emit other forms of radiation. A solution with null fluid emitted radially from a static spherically symmetric source is given by the Vaidya solution [1] :
Here m(u) = m(t − r). When we take the mass parameter m(u) = m 0 = const., the solution reduces to the most general spherically symmetric vacuum solution, the Schwarzschild solution. This solution describes an incoherent radiation originated from a spherically symmetric object due to some physical process and directed to a certain direction in geometrical optics limit with the energymomentum tensor satisfying:
where k µ is a null vector satisfying k µ k µ = 0 and η is energy density of the pure radiation (null dust).
When we consider cases with lesser symmetry, we see that if the body is not sufficiently compact in every direction, then according to hoop conjecture[2], naked singularities may be formed. In order to better understand this problem, the collapse of nonspherical or cylindrical matter distributions is studied analytically or numerically with several configurations [3] - [15] . Actually, when studying cylindrical collapse, one should consider the possibility that, the outside metric could be a nonstatic metric in general since there is no analogue of the Birkhoff theorem in cylindrical symmetry. Thus, since there could be gravitational waves outside of a collapsing cylinder, it could be a good approximation to take the outside metric as a radiative metric [16] with gravitational and null radiation emitted radially from the body, as several authors [10] - [15] have considered in the framework of the thin shell formalism [17] . In those works the exterior region is in general represented by a metric of the form:
which desrcibes cylindrical null and gravitational radiation in radial direction. However, when the radiation is switched off, the metric reduces to Minkowski spacetime. Thus, this metric describes a cylindrical null and gravitational radiation in otherwise flat spacetime (or a cosmic string can be present at the axis if we have also an angular deficit parameter in the metric (3) [18] ). The static cylindrically symmetric vacuum solution corresponding to exterior field of a static cylindrical source is represented by the Levi-Civita space-time [19] . It has two essential parameters [20] , the first one, s, is related with the energy density and the curvature of the source, whereas the second one, α, is the angular deficit parameter. Hence, the solution (3) reduces to a particular case of the vacuum Levi-Civita spacetime (s = 0) when we take the limit F = const. Thus, only a particular type of matter is considered for the dynamics of the configurations they studied. We believe that the better understanding of the nonspherical collapse requires more general matter types as a source of the collapsing matter distribution. Motivated by these considerations, we first present in Section (3) a radiative solution which can be thought of as the cylindrical analogue of the Vaidya solution: when the radiation is switched off, it covers the full range of the Levi-Civita parameter s. We will also present some solutions with nonstatic background of this form in Section (4).
Field equations
Considering ∂ z and ∂ φ as two hypersurface orthogonal Killing vectors defining the cylindrical symmetry, the most general cylindrically symmetric metric can be written in the form [21] :
where K, U and W are the functions of r and t in general. Here the coordinates are the cylindrical coordinates with their usual meaning with the ranges 0 ≤ r < ∞, −∞ < z, t < ∞, 0 ≤ φ ≤ 2π. In order that the solution is regular on the axis we need e −U W → 0 when r → 0, but we relax this condition since we are interested in exterior solutions.
The nonzero components of the Ricci Tensor for this metric are:
where prime means ∂/∂r and dot means ∂/∂t. Thus, the solutions should satisfy the equation (2) which means that we should solve
In this work we take c = 8πG = 1.
Radiating Levi-Civita spacetime
We choose separable functions for the metric (4) whose form is appropriate for radiative solutions [21, 18] :
From (7) we find U ′ 0 = kW 0 and from (7)+ (8) we find W 0 = ar + b. Thus, we have U = d + k/a ln(ar + b). From −(5) + (6) = 2 × (9) we geṫ
The general solution of this differential equation is given by
where the function F satisfiesḞ = −F ′ ,F = F ′′ and a, b, d, k are real constants. Replacing these functions into (5) + (6) = 0, we see that they satisfy this equation, thus our solution is consistent with the field equations. Replacing all these, we find the desired result of the form:
where we take a = 1, b = 0, d = 0 without loss of generality and all constants in front of g φφ is absorbed into the angular deficit parameter α. To get the Levi-Civita solution [19] from this solution we should first take F = const. and apply a coordinate transformation presented in [22] which also gives the relation between the Levi-Civita parameter s and k. Here k is related with the curvature of the spacetime and α is an angular deficit parameter which cannot be removed if the coordinate φ is an angular coordinate. The energy density is
To have a positive energy density, here we needḞ < 0. The energy momentum tensor satisfies the energy conservation equation ∇ ν T µν = 0. When k = 0 our solution reduces to an exterior of a radiating cosmic string [18] where the interior solution is given by g φφ = β 2 (r) and β is a smooth function.
The Krestchmann scalar K = R abcd R abcd is
where K 0 is the Kretschmann scalar of the static Levi-Civita solution with
This shows that the singularity behaviour is the same with the Levi-Civita solution. Here at k = 0 and k = 1 the solution is regular and corresponds to a locally flat spacetime. For other values of k, the axis is not regular and there is a line singularity at r = 0. It may be useful to calculate the Ricci and Weyl scalars using the NewmannPenrose formalism [23] since in this formalism some of the curvature components have direct physical meaning [24] . We chose the NP tetrad as follows:
The nonvanishing spin coefficients are given by:
This shows that the null vector k(∼ n) is geodesic (κ = 0) but not affinely parameterized since ǫ = 0. It is also nontwisting (Im ρ = 0) with expansion Θ = −Re ρ and it has shear equal to |σ|. For k = 1/2 shear vanishes. The nonvanishing Ricci and Weyl scalars are:
To have energy density of null dust positive, Φ 00 must be positive, thusḞ must be negative. The Weyl tensor is thought of as to represent the purely gravitational effects, such as gravitational radiation, of the spacetime [24] . The Weyl scalar Ψ 0 denotes outgoing gravitational transverse wave component in the direction of n, Ψ 4 gives the incoming transverse gravitational wave component in the direction of l and Ψ 2 denotes a Coulomb field. When k = 0 we have only Ψ 0 nonzero, which is in accordance with the results of a previous work [18] which studied particle and gravitational wave emission from cosmic strings. For k = 1/2, Ψ 0 and Ψ 4 are vanishing whereas for k = 1, Ψ 2 , Ψ 4 are vanishing.
They are nonvanishing for all other values of k. Thus the solution (14) has in general an outgoing null dust and both incoming and outgoing gravitational radiation. The metric (14) is Petrov type I in general except for k = 0, 1/2, 1. For k = 0, 1 it is Petrov type N whereas for k = 1/2 it is Petrov type D.
Generalized Kasner type solutions
As we have previously mentioned, the cylindrical vacuum may not be static. A nonstatic vacuum metric in generalized Kasner form is introduced recently [22] . Now we present the solutions with radially outgoing pure radiation and incoming and outgoing gravitational radiation where when the radiation is switched off we get a nonstatic vacuum of this form. We use the following functions for the metric (4):
which are solutions of (2) with the energy densities:
Notice that both c 1 and c 2 cannot vanish simultaneously. This is also true for c 3 and c 4 . When F = const. this solution reduces to a nonstatic vacuum in generalized Kasner form [22] . Also, when we take c 3 = 0 c 4 = 0 we get the radiating Levi-Civita solution (14) whereas for c 1 = 0 c 2 = 0 we get the radiating Kasner solution with the metric:
For this radiating Kasner solution it is better to think the coordinates as the Cartesian coordinates. This metric describes a pure radiation moving in the r direction in the Kasner spacetime. The energy density is the negative of the Levi-Civita case andḞ must be positive in order to have positive energy density. At t = 0 this metric has a Kasner type cosmological singularity except k = 0 and k = 1. If we have
in (31,32) then the energy densities of the solution (30) is positive. For example the following choice
where a > 0 is a constant leads to positive energy solutions when n is even. For k = 0 and ǫ = −1 this solution can represent an exterior solution of a radiating nonstationary cosmic string with the metric:
since for F = const. this metric represents the exterior field of a nonstationary cosmic string [25, 26] .
If we analyze this spacetime (30) using Newman-Penrose formalism, we see that, in general, the same components of the spin coefficients, Ricci scalars and Weyl scalars are nonvanishing with (14) . For ǫ = 1 only for k = 0, Ψ 2 and Ψ 4 vanishes and the spacetime is Petrov type N. For other values of k, Ψ 0 , Ψ 2 and Ψ 4 is nonvanishing and the spacetime is Petrov type I. For ǫ = −1, Ψ 0 , Ψ 2 and Ψ 4 is nonvanishing and the spacetime is Petrov type I except for k = 1 where Ψ 2 and Ψ 4 is vanishing and the spacetime is Petrov type N.
This spacetime (30) contains in general a Kasner type cosmological singularity at t = 0 and also it is singular at the axis (We take c 2 = c 4 = 0 in (30)). The spacetime is not singular for the particular values of the parameters ǫ = 1, k = 0 and ǫ = −1, k = 1. The cosmological singularity seems to unavoidable but if one is able to find a regular interior radiating solution containing the symmetry axis, then we can avoid having a line singularity at r = 0 since our solution could be an exterior solution of a radiating nonstatic cylindrical source. The spacetime is well behaved for t > 0 and r > 0.
Conclusions
In this work we have presented solutions corresponding to an exterior atmosphere of a cylindrical radiating source. The atmosphere has an outgoing radial pure radiation as well as incoming and outgoing gravitational radiation. For some special cases of our parameter k, these solutions reduce to the exterior field of the radiating cosmic strings. We believe that these solutions may be useful for further studies of the dynamics of cylindrical bodies and especially for the dynamics of cylindrical shells, since these exterior solutions allow us to consider more general sources generating gravitational and pure radiation.
